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Abstract 



(— I , The structure of r-fold tensor products of irreducible tame rep- 

resentations of U{oo) = limL'^(n) are described, versions of contra- 
gredient representations and invariants are realized, and methods of 
calculating multiplicities, Clebsch-Gordan and Racah coefficients are 
given using invariant theory on Bargmann-Segal-Fock spaces. 



PACS codes: 02.20.Tw, 02.20. QS, 03.65.Fd 

I Introduction 

Let Gk and G^ denote the unitary group and the general linear group, re- 
spectively. Then the inductive limits 



Goo = lim Gfe = [J Gk 



k=l 



and 

oo 

G^ = lim G^ = U G^ 

k=l 

may be defined as follows: 

^oo = {9 = {9ij)ijeN I 9 is invertible and all but a finite number of gij — 6ij = 0} 

and 

Representation theory of Goo and G^ was first studied by I. Segal in |l[, 
then by A. Kirillov in 0, followed by S. Stratila and D. Voiculescu in 0, 
D. Pickerell in §, G. Ol'shanskii in § § §, I. Gelfand and M. Graev in 
Q, and V. Kac in 0. This list is certainly not exhaustive, and the most 
complete list of references can be found in the comprehensive and important 
work of Ol'shanskii. 

Following Ol'shanskii we call a unitary representation of Goo tame if it 
is continuous in the group topology in which the descending chain of sub- 
groups of the type {{^q ^)}, k = 1, 2, 3, . . . constitutes a fundamental sys- 
tem of neighborhoods of the identity loo- Assume that for each k a uni- 
tary representation {Rk, Hk) of Gk is given and an isometric embedding (of 
Hilbert spaces) i^,^^ : Hk — > Hk+i commuting with the action of Gk (i.e., 
ik+i ° Rk{u) = Rk+i{u) o il_^_-^) is given. If if 00 denotes the Hilbert space 
completion of IJfcLi ^k, then there exists uniquely a unitary representation 



Roo of Goo on Hoo defined by 

Roc>{u)f = Rk{u)f if ueGk and f e Hk . 

The representation {Roo,Hoo) is called the inductive limit of the sequence 
{Rk, Hk), and we have the following Theorem (see p for a proof). 

Theorem I.l. // the representations {Rk,Hk) are all irreducible then the 
inductive limit {Roo,Hoo) is also irreducible. 

Let 

^Gfe = (^1, • • • , ^TT-k), ""^1 > ""^2 > • • • > ink > 0, mi G N U {0}, i = 1 . . .k. 

then Ol'shanskii proved the following 

Theorem 1.2. All unitary irreducible tame representations of G^o are the 

inductive limits of the sequences of the form {p\,V^'^k^^ where in each (A) = 
{nil, fTT'2, • • • ) the rrii are equal to for sufficiently large i. 

It follows from 'Weyl's unitarian trick' that all irreducible tame repre- 
sentations of Goo are inductive limits of sequences of the form {px,V^^k^, 
Following Ol'shanskii a representation of Goo is called holomorphic if it is a 
direct sum (of any number) of irreducible tame representations. 

In this paper we consider the problem of decomposing an r-fold tensor 
product of unitary irreducible tame representations of Goo- Such a prob- 
lem was investigated in ^ and |@] for the simplest type of tame irreducible 
representations, namely the fundamental (or principal) ones. In light of the 



recent interest in Physics in the representation theory of Uoo it is natural to 
consider such an important problem in this theory. 

The general problem can be stated as follows: Given r tame irreducible 
(Goo, ^^'*'''*°°) niodules, choose a basis \Xi,Ci) for each i (such a basis always 
exists, for example, the generalized Gelfand-Zetlin basis given in ^, but we 
do not limit ourselves only to this basis). Form the r-fold tensor product 
(Ai)°° (S> ■ ■ ■ (S> (Ar)°° and calculate the number of times the irreducible rep- 
resentation (A)°° occurs in the tensor product. The first method to compute 
this multiplicity is to observe that the spectral decomposition (or Clebsch- 
Gordan series) stabilizes for k sufficiently large and then apply the Weyl 
determinant formula for U{k) for sufficiently large k. This fact is proved 
rigorously as a theorem in Section |Tl|. In [|1^] it was shown that this multi- 
plicity (for SU{k)) can be computed as solutions of Diophantine equations 
arising from the invariants of SU{k). The first part of our program which is 
similar to the strategy given in |T^ is as follows: instead of computing the 
multiplicity of (A)°° in the tensor product (Ai)°° (8> ■ ■ ■ (Ar)°° we look at what 
is equivalent, the multiplicity of the identity representation in the augmented 
tensor product (Ai)°°®- ■ ■®(Ar)°°® (A'^)°° where (A^)°° is the contragredient 
representation of (A)°°. But with this approach we are facing two major dif- 
ficulties. The first one pertains to the contragredient representation (A^)°°: 
as it is well known (see e.g. 0) an irreducible (Goo, ^'•^■*°°)-niodule can be 
realized as a subspace of a generalized Bargmann-Segal-Fock space mnx oo 
complex variables (see Section || for this realization), but it is not known 



whether the irreducible (Goo, V^^ •'°°)-module is reahzable hkewise. We prove 
in Section |V| that by 'twisting' the action of the contragredient representa- 
tion and by using an appropriate embedding of Bargmann-Segal-Fock spaces 
J-'nxk C J-'nx{k+i) C ■■ ■ the {Goo,V^'^ ^°°)-module can also be realized as a 
submodule of a Bargmann-Segal-Fock space J^nxoo- The notable difference is 
that the signature of (A^)°° is characterized by the lowest weight instead of 
the highest weight and we will be dealing with lowest weight vectors instead 
of highest weight vectors as in the case {Goo,V^^'>°°). Another difficulty is 
that, realized as a submodule of the Bargmann-Segal-Fock space J-'nxoo, it is 
not clear that the tensor product (Ai)°° ® • ■ ■ C?) {Xr)°° ® (A^)°° considered as a 
GoQ-Taodu\e is a holomorphic representation; in particular, the identity repre- 
sentation might not occur in this tensor product. Using a general reciprocity 
theorem for holomorphic representations of some infinite-dimensional groups 
jnl) we show that the tensor product (Ai)°° ® • ■ ■ ® (A^)°° (g) (A^)~ is 



see 



indeed a holomorphic representation and that the multiplicity of the iden- 
tity representation of Goo in this augmented tensor product is indeed equal 
to the multiplicity of (A)°° in the tensor product (Ai)°° ® ■ ■ ■ {Xr)°°- Hav- 
ing overcome this difficulty first, we still have to deal with a second major 



difficulty; the generators of SU{k) used in |T^ which are determinants of 
matrices of order k become unmanageable when k is large; furthermore, 
at the limit as k — > oo these determinants are certainly not members of 
J-'nxoo- Both of these problems can be dealt with as follows: instead of using 
the determinant-invariants of SU{k) we use the classical invariants of U{k) 



which are generated by a system of algebraically independent polynomials, 
but more importantly, the number of these polynomials depends only on the 
tensor product (Ai)^ ■ ■ ■ ® {Xr)k ® (A'^)fc and not on k; in fact, the problems 
considered in |TD| can be entirely solved using this new approach. Next, it 
can be shown (see [Q) that when k — > oo these invariants tend to their in- 



verse or projective limits which are infinite formal series of complex variables, 
but nevertheless remain algebraically independent and generate all G^ (or 
Goo) invariants. By analogy with the definition of rigged Hilbert Spaces (c.f. 
e.g. "Generalized functions" by I. M. Gelfand and G. E. Shilov, Vol 4, P. 
106) these infinite formal series may be thought of as differential operators. 
Thus if / G J-'nxoo and p is a Goo-invariant then the inner product 



{pJ)=p{D)f{Z)\z=o 

makes perfect sense since / G J-'nxk for some k and those terms in p{D) whose 
column indices are larger than k simply evaluate to zero. With this new in- 
terpretation of the Goo- invariants the method of computing Clebsch-Gordan 
and Racah coefficients in [|lOl can be adapted to the case of tensor products 
of Goo', Actually, both the Diophantine equations and the computations of 
Clebsch-Gordan coefficients are much simpler, since the Goo-invariants are 
much simpler. 



II Preliminaries 

Let C""^*^ denote the vector space of n row by k column matrices over C, 
the field of complex numbers, li Z = {Zij) is an element of C"^^'^, we let Z 
denote its complex conjugate, and write 

Z = Xij + \^ Yij] l<i<n, l<j <k. 

If dXij (resp. dYij) denotes the Lebesgue measure on M we let dZ = 
Y[i<i<n i<j<k ^-^ij ^^ij denote the Lebesgue product measure on W^''. De- 
fine a Gaussian measure dfi on C"^'^ by 

dfi{Z) = TT-''''exp[tr{ZZ^)]dZ 

where tr denotes the trace of a matrix. A map / : C^^^ ^ C is said to be 
holomorphic square integrable if it is holomorphic on the entire domain C"^*^ 
and if 

/ |/(Z)pdM^)<oo. 

The holomorphic square integrable functions form a Hilbert space with re- 
spect to the inner product 

(/i,/2)= / Mz)'Mz)dfi{z), (1) 

of which the polynomial functions form a dense subspace. The inner product 
([l|) is equivalent to the inner product 



{fij2) = fiiD)f,{Z)\z=o (2) 



where f{D) is the differential operator obtained by formally replacing Zij by 
the partial derivative d/dZij. We denote this Hilbert space by J-'k = JF(C"^^). 
The natural embedding of C"^^ into C^x^^+i) given by 



( M 

Z ': 

\ 0/ 



^ (pnx(A:+l) 



induces an isometric embedding 



ik+i '■ ^k ^ ^fc+1 



so that the collection {J^k,'i-k+i} ^otuis a directed system. We can then take 



the inductive limit T^ = lim J-'k (where the bar indicates closure with respect 
to the norm), with the natural inclusion 

Formally, elements of J^oo are realized as equivalence classes [/„] , where 

fa^fp wheneYeTfj3 = i^{fa) and a < P, a,/5eN. 
Since in our case we have J-'k C J-'k+i, we can realize this space as 



k=l 

If Gk = U{k) (or U{k)^ = GL{k,C)) we also have the natural inclusion 

Jk+i '■ Gk — ^ Gk+i 



given by 



/ 



9 



0\ 



9 



\ 





■■■ 1 y 

We can then take the inductive hmit Gnr, = 



eG 



fc+i 



(3) 



= limGk, with the natural in- 
clusion jk '■ Gk — ^ Goo- Again elements of Goo are formally defined as 
equivalence classes [gu], where we identify some gk G Gk with its inclusions 
into Gfe+i, Gk+2) etc. If we let Rk denote the representation of Gk on J^k 
given by right translation 

Rk{g)f{Z) = fiZg), Z e C">^^ g e Gk. 



Then the following diagram commutes 



Gk X jFi, 



■1 ■"■ s/ '^ ■"■ 



Rk 



Gk+l X ^k+l 



^k 



*fc+i 



(4) 



J'l 



fc+i 



tfc+i 



and so the representation R = lim Rk of Goo on J^oo is well defined by 



R{[9kmfk] = [Rki9k)fk], 



(5) 



called the inductive limit of the representations Rk on JFqo, and we have 
commutativity of the diagram 



Gk X jFfc 

jk'xik 

^oo ^ *' oo 



^A; 



»fc 



fl 






Let Dfc C Gk be the diagonal subgroup. Let Z^^ C Gk be the unipotent 
subgroup of upper triangular matrices with ones along the main diagonal and 
let Z~fc be the analogous lower triangular subgroup. If (M) = (Mi, . . . , M^) 
is any collection of integers, we define a holomorphic character 

In this context an element / G J^-fc is said to be a weight vector of the repre- 
sentation Rk with weight (M) if 

[Rkid)f]iZ) = f{Zd) = 7rW(rf)/(Z), V rf G Dfc. 

If / is a weight vector, and if 

[Ru{Of]{Z) = f\ZC) = i\Z), VCGZ+, 

then / G J^-fc is a said to be a highest weight vector of the representation R^. 
Similarly if / is a weight vector, and if 

[Rk{C)m) = f{zO = f{z), V Cez-, 

then f & J-'k is a said to be a lowest weight vector of the representation Rk- 
Since G^ = U{k) or GL{k, C), each irreducible representation of Gk in J?-fc is fi- 
nite dimensional and so admits a "unique" (up to multiplication by a nonzero 
scalar) highest weight vector with highest weight (m) = {mi,m2, ■ . ■ ,rnk), 
and a unique lowest weight vector with lowest weight {mk,mk^i, ■ ■ ■ ,mi). 
This highest (or lowest) weight then characterizes each irreducible repre- 
sentation of Gk, and is called the signature of the representation. By the 

10 



Borel-Weil theorem a necessary and sufficient condition for (m) to be the 
highest weight of an irreducible polynomial representation of Gk on JF^ is 
that iTLi > 1712 > • • • > iTT'k > 0. \/(™) is then cyclically generated as a 
Gfc-Hiodule by the action of Gk on any one of its elements, in particular on 
its highest (or lowest) weight vector. Let Bk C GL{k, C) be the Borel sub- 
group of lower triangular matrices and for a fc-tuple of non-negative integers 
(m) = {mi, 7712, ■ ■ ■ ifT^k) we define a holomorphic character 

vr(-)(6)=6-6-...6-'= h e B^. (6) 

As a consequence of the Borel-Weil theorem (see for example |T^), any irre- 
ducible holomorphic representation of Gfc with signature (m) = {mi, 7712, . . . , rUn) 
can be explicitly realized as the representation R^ on the subspace of poly- 
nomial functions in J-'^ = J-'{C"'^^) which satisfy the covariant condition 

f{hZ)=7:^^\h)f{Z), heBn. (7) 

We denote this subspace by V^ , the restriction of Rk to this subspace by 
R^ 1 &^d where necessary we explicitly designate this irreducible represen- 
tation by the pair {R^ 1 ^t )■ 

For each fc = 1, 2, . . . , let V^ be a subspace of JF^, on which the repre- 
sentation Rk of Gk is irreducible. Suppose also that the following diagram 
commutes 

Gk^^Vk -^ Vk 



T V 1 



*fc+i (8) 



Gk+i X Vk+i ^ Vfc+i 



11 



or equivalently, that the restriction of Rk+i to Gk contains a representation 
equivalent to Rk- In this case we write Vk :< Vk+i, and it is well documented 
in the literature that the representation R = lim R^ of Goo on \^ = lim Vk is 
also irreducible. (For detailed expositions of inductive limit representations 
see i i i.) 

If Vk is an irreducible representation of Gk with signature 

{m) = {mi, ?Ti2, . . . , rrik) with rrii > m2 > • • • > mk > 0, 

and if Vk+i is an irreducible representation of Gk+i with signature (h) = 
(/ii, /i2, . . . ,hn,hn+i) it is also well known that Vk :< Vk+i or equivalently 
written [m) :< {h) if and only if 

hi>mi> hi+i, i = 1,... ,k. 

In particular, if {mi,m2, . . . ,mk) is the signature of an irreducible repre- 
sentation of Gk and (mi,m2,... ,'mk,0) is the signature of an irreducible 
representation of Gk+i, then 

(mi, 1712,... , mk) :< (mi, 1112, ... , rrik, 0) 

and it is easy to see that if fmax is a highest weight vector for an irreducible 
representation of Gk with highest weight (mi, m2, . . . , nik) then fmax is also 
a highest weight vector of the irreducible representation of Gk+i with highest 
weight (mi, m2, . . . , m^, 0). We denote the inductive limit of the representa- 
tions 



12 



{mi, 1712, • • • , rrik) ^ (mi, ms, . . . , m^, 0) ^ (mi, ms, . . . , mfc, 0, 0) ^ ■ ■ ■ 

by 

(mi, ma, . . . , mfc, 0, . . . ) = ("^i, "^2, • • • , m^, if ) = (m)°° 

and realize this representation as the submodule of J-'^o generated by the ac- 
tion of Goo on this highest weight vector. In the sequel we may also require 

more explicit notation: If {1711,1712, . . . , m;, 0, . . . , 0) is the signature of an ir- 

^ V ' 

k 

reducible representation of Gk call the integers mi,m2, ... ,mi,0 the entries, 
we say / is the length of the signature (i.e., if the signature has at most / 
non-zero entries) and write 

(mi, m2, . . . ,mi,0,... , 0) = (m)f 

k 

or just (m)^ if it is unnecessary to specify the length. With this notation we 
denote the signature of the inductive limit of the representations 

{mi, 1712, ■ ■ ■ ,mi) ^ (mi, m2, . . . , m;, 0) ^ (mi, m2, . . . , m;, 0, 0) ^ ■ ■ • 

= (m)f ^ (m)^^ ^ (m)^^ ^ ■ ■ ■ 
by 

(m)f' = (mi, m2, . . . , mz, 0, 0, 0, . . . ) = (mi, m2, ... ,mi, ). 

13 



Ill Stability of spectral decompositions 

We motivate this section with the following example. It is readily computed 
using one of the standard formulae (for example |l^) that the tensor product 
of the irreducible representations of G2 (= U{2) or GL{2, C)) decomposes as 
a direct sum 

(1,0)® (2, 0)0(2,0)® (3,0) 

= (8, 0) + 3(7, 1) + 5(6, 2) + 5(5, 3) + 2(4, 4) (9) 

and the tensor product of irreducible representations of G4 

(1, 0, 0, 0) ® (2, 0, 0, 0) ® (2, 0, 0, 0) ® (3, 0, 0, 0) 

= (8, 0, 0, 0) + 3(7, 1, 0, 0) + 5(6, 2, 0, 0) + 5(5, 3, 0, 0) + 2(4, 4, 0, 0) 
+ 3(6, 1, 1, 0) + 6(5, 2, 1, 0) + 5(4, 3, 1, 0) + 3(4, 2, 2, 0) + 2(3, 3, 2, 0) 

+ (5, 1, 1, 1) + 2(4, 2, 1, 1) + (3, 3, 1, 1) + (3, 2, 2, 1) (10) 

But notice that the first line of (|^) is just (P), the spectrum of G2 embedded 
in the spectrum of G4. In this case we say that the spectrum of G4 contains 
the spectrum of G2, or that the spectrum of G2 appears in the spectrum of 
(^4. Furthermore, it is routine to check that the spectral decomposition of 



14 



irreducible representations of G5 is given by 
(1, 0, 0, 0, 0) ® (2, 0, 0, 0, 0) ® (2, 0, 0, 0, 0) ® (3, 0, 0, 0, 0) 

= (8, 0, 0, 0, 0) + 3(7, 1, 0, 0, 0) + 5(6, 2, 0, 0, 0) + 5(5, 3, 0, 0, 0) + 2(4, 4, 0, 0, 0) 

+ 3(6, 1, 1, 0, 0) + 6(5, 2, 1, 0, 0) + 5(4, 3, 1, 0, 0) + 3(4, 2, 2, 0, 0) 

+ 2(3, 3, 2, 0, 0) + (5, 1, 1, 1, 0) + 2(4, 2, 1, 1, 0) + (3, 3, 1, 1, 0) 

+ (3,2,2,1,0) 

(11) 

and that the corresponding spectral decompositions of Gg, Gj, . . . are the 
same, i.e. composed entirely of the embedding of the spectrum of G^. In this 
case we say the spectral decomposition stabilizes. 

Proposition III.l. If {a)l = (ai,a2,... ,ak) and (/3)^ = (/3i,... , Pk) are 
the signatures of irreducible representations ofGk, and if{a)l'^^ = (ai, 02, . . . , afc, 0) 
and (P))^^'^ = (/?!,... ,/3fc;0) are the signatures of irreducible representa- 
tions of Gk+i, then the spectrum of (a)^ ® {P)l appears in the spectrum 
^f ('^)fc^^ ® il^)^k^^ ■ Furthermore, the spectrum of («)f ® {(3)^ stabilizes for 
K sufficiently large. 

Proof. We first note that, in the special case where (a)^ = (ai, . . . ,0) by 

^ V ' 

k 



|r5| the spectral decomposition of {a)i ® {P)l is given by the 'Weyl formula', 



which is equivalent to applying the multiplier F^i to the signature {j3)l 
iPi,... ,pk) where 

Ta-, {Pi, . . . , Pk) = ^ {Pi + Ui, . . . , Pk + fk) 

i^i+...+u^=ai 
0<Ui+i<Si 

15 



Here, and in what follows of this proof, the Weyl formula also requires the 
condition that < z/j+i < Sj where Si = irti — rrii^i, and we will refer to a 
multiplier of this type as a simple multiplier. 

Now applying this simple multiplier to the signature {P)^'^^ we have 

Taj^{Pl,...,Pk,0)= ^ (/5i + Z/1,... ,/3fc + ^'fc,0 + Z/fc+i) 

ui+...+Uf,+Ui,+l=ai 
0<Ui+i<Si 

= X] (/9i + z/1, . . . , /3fc + z/fc, + z/fc+i) 

1/1+.. .+1/^.4.1=01 

+ X] (/9i + z/1, . . . , /9fc + z^fc, + z/fc+i) 

i/i + ...+!/fc_l_i=ai 

But the first sum, with z/^+i = 0, is just the spectrum of (tt)i®(/3)^ contained 
in the spectrum of {a)'l^^ (g) (/3)^+^ 

We next note that a similar situation occurs when we apply a second 
simple multiplier F^j to the above spectral decomposition {a)i'^^ i/3)k^^- 
That is, the sums are grouped into those terms whose last entry is zero, and 
those terms whose last entry is non-zero; 
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y^ iPi + 1^1, . . . , Pk + Vk, + Vk+i) 



vi+...+vt,+Vk+\=ai 



+ X^ (/5i + Z/i, . . . , /?fc + I^fc, + Z/fe+l' 



i/i+...+i/fc+j^fe+l=ai 



^ r«2(/?i + Z/1,... ,/?fc + '^fe,o) 



i/i+...+i/fc+!/fc+i=ai 
i'fc+i=0 



+ ^ 1^,2 (/?i + I/i, . . . , /3fc + I^fc, + Z/fc+i) 






y^ y^ (/3i +Z/1 +/ii,... ,/3fc +^'fc+/^fc,o) 



i'l+...+!/fc+i=ai /xi+...+/j,i+i=a2 
;^fc+i=0 /ifc+i=0 



+ >^ (other terms involving signatures whose last entry is non-zero) 

We then extend this idea to the general case where the spectral decompo- 
sition of {a)'l ® {(3)'t is given by applying the multiplier V^k to the signature 
/3j^ where T^k is a compound multiplier computed as the 'Weyl Determinant' 

0; 





r 




Tai+l 




• ^ai+{k-l) 


< = 


Taa-l 




r 




■ r„2+(fc_2) 




^»k'{k- 


'1) 


^ak-(k- 


-2) ■ 


■ r„. 



17 



Here the simple multipliers T^ are regarded as permutable operators and 
the determinant is expanded in the usual way, with Fq = 1 and F^ = for 
a < 0. From this last statement it is obvious that the compound multiplier 
F fc+i is equal to T k since the k + P* row used to compute the determinant 

k k 

corresponding to F fe+iis just (0, . . . , 0, 1). 

k 

Now for notational convenience we set the simple multiplier Fj .,■ = ^a,-{i-j) 
and using the usual formula for determinant (summing over Sk, the symmet- 
ric group on k symbols) we have 



F fc+i = r„fc = y] Sgn{a)Ta,a{l) ■ ■ ■'^akaik) 






So 



^ai+'if^k^^' 



Y^ sgn{a)Ta,a{i) ■ ■ ■Ta,a{k){f3l, ■ ■ ■ ,/5fc,0) 

crGSn 



J^ sgn{a) ^ ■ ■ ■ J^ (A+z^iH h/ii, • . • , 0+z/fe+iH h/ifc+i) 

aeSk '^l + ---+Vk+l=<^l A'l + ---+Mfe+l=Q!fe 



k sums 



'12) 



= 2_] sgn{a) V^ ■ ■ ■ y ^(signatures whose last entry is zero) (13) 
+ 2^ sgn{a) N^ ■ ■ ■ 2, (signatures whose last entry is non-zero) 

creSk 



But the sum (|TB|) is just the spectrum of (a)^ ® (/9)^ appearing in the 
spectrum of (a)^^^ ® il3)l'^^. Finally, the requirement that < z/j+i < 
rrii — rrii^i guarantees that the application of a simple multiplier to a sig- 
nature (mi, ... ,mi,0, . . . ,0) extends the length of the signature by at most 
one, since < z//+i < (wi/+i — 1711+2) = 0. Thus, since there are only k sums 
in (0), application of a compound multiplier corresponding to a signature 
of length k decomposes the tensor product into a spectrum of signatures of 
length at most I + /c, proving that the spectrum stabilizes. 

D 

IV A reciprocity theorem 



According to W^ we have the following theorem regarding dual representa- 



tions of Bargmann-Segal-Fock spaces. 
Theorem IV. 1. Let 

Gi c G2 c ■ ■ ■ c Gk c Gfc+i c ■ ■ ■ 

be a chain of compact classical groups. Let Goo denote the inductive limit of 
the Gk 's. Let Rgoo '^'^'^ -^'c ^^ given dual representations on J^nxoo- Let Hoo 
he the inductive limit of a chain of compact subgroups 

Hi C H2 G ■ ■ ■ C Hk C Hk+i C ■ ■ • 

with Hk C Gk, and let Rhoo ^^ ^^^ representation of Hoc on J^nxoo obtained by 
restricting Rg^c ^^ H^o- If there exists a group H' D G' and a representation 
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R'^i on J-'nxoo such that R'^, is the dual to Rhoo ^''^'^ -^g" ^-^ ^^^ restriction 
of R'^i to the subgroup G' of H' then we have the following multiplicity free 
decompositions of J-'nxoo into isotypic components 



J'nxco — 7 ^ ©-^nxoo — / , ®A 
(A) (m) 



where (X) is a common irreducible signature of the pair (G", Goo) (ind (fi) is 
a common signature of the pair {H', Hoc)- 

If Xgoc (i"Gsp. X'q,) denotes an irreducible unitary representation of class 
(A) and fin^c (i^^sp. fi'^j,) denotes an irreducible unitary representation of 
class 

{fj,), then the multiplicity 

dim [RomH^ifiH^ '■ ^g^\h^)] 

of the irreducible representation fiHac ^^ ^^^ restriction to Hoc of the repre- 
sentation Xg^ is equal to the multiplicity 



dim 



HomcKAc' :/^H'U- 



of the irreducible representation X'q, in the restriction of the representation 

Note that G' and H' are finite dimensional Lie groups and that we have a 
similar theorem for the pairs (C, Gk) and (if, H^) where G' and H' remain 
fixed for all k. It follows that 

dim [Hom^^ (/iH^ : Ag^i^, 
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remains constant and the spectral decomposition of A^ i stabilizes for k 
large. To apply this theorem to our problem we first let 

^oo ^ tVoo X ■ ■ ■ X Uoo 

' V ' 

r copies 

acting as exterior tensor product representations on 

y(™i)°° ® . . . ® \/(-'-)°^ C ^„xoo, 

and G' = U{pi) x ■ ■ ■ U{pr) acting on J-'nxoo- 

Then H^o = Uoo is the interior tensor product representation on 

and H' = U{n), where recall that n = pi + P2 + ■ ■ ■ + Pr- This gives the 
multiplicity of the representation of Uoo with signature (m)°° in (mi)°°(S)- ■ -(g) 
{mr)°° in terms of the multiplicity of the representation of the corresponding 
representations of U{pi) x ■ ■ ■ x U{pr) in the corresponding representation on 
U{n). Next we let 

(-Too ^ U no X • ■ ■ X U ryo 



' oo y oo 



r+1 copies 

acting as exterior tensor product representations on 



V(™i)°^ ® ■ ■ ■ ® V^(™'')°° ® \/(™")°° C ^, 



V\oo 

raxoo 



and G" = f/(j9i) x ■ ■ ■ x U{pr) x f/(g) acting on J-'nxoo- Then _ffoo = Uoo and 
iJ' = f/(p, q) where p + q = n, pi + - ■ ■ +Pr = P- This gives the multiplicity of 
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the representation of Uoo with signature (0, . . . , 0, . . . )°° in the tensor product 
(mi)°°®- ■ ■®(«^j.)°°®(m'^)°° in terms of the multiphcity of the representation 
with signature (mi)" ■ ■ ■ (8> (mj.)" (g) (rri^)^ of U{pi) x ■ • • x U{pr) x f/(g) 
in the holomorphic discrete series of U{p, q) with signature (lowest highest 
weight) (0, . . . , 0, 0, . . . ,0). Note that these two apphcations of this theorem 

P 9 

can be used together to give another proof of Theorem [VI. 1| of Section ^j. 



V Realization of the contragredient represen- 
tation 

A representation p of any group G on a vector space V induces in a natural 
way a representation p* (said to be contragredient to p) on its dual space V* 
by 

p*{g)<j>{v)=<jy{p{g-')v) <j>eV\ geG. 

In this section, by making a formal change of variable, we are able to realize 
Rl (the representation contragredient to Rk) as the representation R^ on a 
subspace of polynomial functions of the Fock space JF^ . 

Let ( I ) be the inner product on the space J-'k given by (|) or the 
equivalent inner product ([l|). Then for any f E J-'k and for each k = 1,2,3, .. . 
the mapping 
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given by 

mm = {h\f) heTk 

is a conjugate linear isomorphism (or anti-isomorphism) from JF^ onto its dual 
space JF^, and it is routine to check (see |]lOl) that $ intertwines the represen- 
tations Rk and R^. It follows that if {R^\ ^t ) i^ an irreducible representa- 
tion of Gfc, and if V^"^'^ = $(r(™)), then {Rt*\ V^""*^) is also an irreducible 
representation of Gk- It is shown in appendix A of |jlO| that the highest weight 



vector of {R^ ■> ^ ) with highest weight (mi, m2, . . . , m^) is mapped to the 
lowest weight vector of {R^ \^k ) with weight (— mi, — m2, . . . ,—mk), 
and the lowest weight vector of {R^ ,V^ ) with weight {mk, . . . ,mi) is 
mapped onto the highest weight vector of (-R^™ , V"^ ) with weight {—mk, . . . , —mi). 
We will realize {R^ \'^k ) on a Fock space JF^ as the representation 
{Rf^ ,V^"^ -') constructed as follows. 

Define (C"^'^) "^ as the vector space of complex n x k matrices with the 
reverse ordering 

/ Wn,k ■ ■ ■ Wn,l ^ 

\ Wi,fc • • • Wi,i J 

Let s = Sk he the k x k matrix with ones along the off diagonal and zeros 
elsewhere 
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/ ■•■ 1 \ 
■ 



v 



■ 

1 ■■■ 



ec 



kxk 



(14) 



For future reference one easily checks that if we set 



\Wnl ■■■ Wnk ) 

that W = SnZsk and that s = s'^ = s'^. We then let J-'^ be the Hilbert 
space of holomorphic square-integrable functions on (C"^'^) ^ and define the 
action i?^ of Gk on JF^ as 

[RU9)f]M = f{w{sgsr) = f{w{sg^s)). 

The embedding of (C"^'^) ^ into (C^^^^^+i)) ^ given by 



W 



/O 



yo 



w 



\ 



J 



^ £inx(k+l) 



then induces an embedding i^_,_^ : JF^ — > -^fc+D "^^ have commutativity of 
the diagram 



rk ^ -^ k 

Gk+1 X J^^^-^ 



- n 



Gk X J^^ -"'- ^ ^^ 






■^fc+i 



TTV 

-^ fc+1 



24 



as in (^, and the inductive limit representation R^ = lim i?^ of G on JF^ = 
lim^^ is well defined as in (j^). 

We remark here that the space J-'^ defined above and the space J^oo 
defined in Section |T|, are certainly equal as sets, but are somewhat different 
as algebraic objects, being induced by different embeddings. In what follows, 
the arguments presented in developing properties of the various inductive 
limit representations are readily modified to any situation. 

Let fmax be the highest weight vector of {R^\ ^ ) with highest weight 
(mi, m2, . . . , rnk). Then by definition 

Define f^i^iW) := fmaxiSnWSk) = fmaxiZ), so that fmaxiZ) = /^„(s„ZSfc). 

Then 

Rl{d)C^{W) = C^,{Wsd\s) 

= fmax{sniW sd s)s), siuce SnWs = Z and d = d^^ 

J max y^d ) 
= n^-"''^-"'"--"''\d) fmaxiZ) 

= 7:^-"'^'-'-''-'-"''\d)C^is^Zs,) 
= 7r^-'^''-'^''-'-"''\d)C^{W) 
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And for C e Z^ 

= fmax{Sn(W S^ s)s) 
J max \-^S ) 
J max \^ ) 

= f ■ (W) 

J mm \' ' I 

since if C ^ Z^, then C, G Z+. Thus /^j„ is a lowest weight vector for 
the representation _R^, so if we let V^ be the Gfe-submodule generated 
by the action _R^ on /„,„, then (i?^,\4 ) is an irreducible representa- 
tion of Gk characterized by its lowest weight (— -mi, — m2, . . . ,—mk), and 
it follows that this representation is equivalent to the contragredient rep- 
resentation on the dual space {Rj!" 5 ^fc )) with the same lowest weight 
(— ?7ii, — m2, • • • ,—mk). Furthermore, if 6 G B„, and if we set b = s^hsn 
then, using an argument similar to the one above, we see that 

and thus the space (i?^, V^ ) can be characterized as the subspace of poly- 
nomial functions that transform covariantly with respect to the Borel sub- 
group, as in (H). We remark here that we refer to /^j„ as a lowest weight 
vector because it is invariant under right translation by the subgroup Z~ 
which corresponds to the notion of lowest weight using the usual lexico- 
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graphic ordering. It is strictly a matter of choice whether or not to refer to it 
as a highest weight vector with respect to the reverse lexicographic ordering. 
With this realization, if {m) = (mi, 7712, . . . ,/«fc) is the signature of an 
irreducible representation of Gk, then its contragredient representation has 
signature (m"^) = (—mi, —1712, ■ ■ ■ , —mk), and it is routine to check that 

(-mi, . . . , -mk) -< (-mi, . . . , -m^, 0) -< (-mi, . . . , -m^, 0, 0) ^ ■ ■ • 

(15) 

i.e. the appropriate diagram (see (||)) commutes, and so the inductive limit 
of the irreducible representations (|15]) is an irreducible representation of Goo 
with signature 

(m^)°° =: (-mi, -mg, . . . , -m/, ) 

generated by the action i?^ on the vector /„j„. We will adopt the convention 
of refering to this as the representation contragredient to the irreducible 
representation with signature (m)°° = (mi,m2,... ,mfc, ), although it is 
the inductive limit of contragredient representations. We summarize with 

Theorem V.l. If the irreducible representation of Goo with signature 

(mi,m2,... ,mi,'(f) 

is the inductive limit of the representations 

(mi, m2, . . . ,mi) ^ (mi, m2, ■ ■ ■ ,mi,0) ^ (mi, m2, . . . , m^, 0, 0) ^ ■ ■ ■ 

then the inductive limit of contragredient representations 

(mi, m2, . . . , mi)* ^ (mi, m2, ... , m/, 0)* ^ (mi, m2, . . . , m/, 0, 0)* ^ ■ • • 
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is an also irreducible representation of Goo with signature 

{-mi, -1712,... ,-mi,lf). 

We illustrate this idea with the following example. For each A; = 1, 2, 3, . . . 
consider J^fc = J^(Ci^'=). If 

it is easy to check that 

f^'^\Zd) = d'^iz'^ = 7r("*'°'-'°)(rf)/('")(Z) 
and 

so that f^™-\Z) is a highest weight vector of the representation, with high- 
est weight {m, 0, ... 0). Right translation of /*^™'-' by Gk generates the finite 

k 

dimensional vector space p(»")(([;;ix'=)^ of homogeneous polynomials of de- 
gree m, so that \/('"'0'---'0) = pM^^ix^) jg ^^ irreducible representation of 
Gk with signature (m,0,...0). Now p(™)(([;;ix^) embeds isometrically into 

k 

pi™-) (C"*^^*^^^^-*), which is also generated as a Gk+i- module by right translation 

of the highest weight vector z^, which now has highest weight {m, 0, ... 0). 

fc+i 
Taking the inductive limit of the irreducible representations 

(m) ~< {m,0) -< . . . -< {m,0,. . .0) -< {m,0,. . .0) -< . . . 

k fc+l 
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we obtain \/(™' '^ \ the irreducible representation of Goo with signature 
(m, ) = (m, 0, 0, . . . ), which is reahzed in J^^o as the subspace of homo- 
geneous polynomials of degree tti, generated by the action R of Goo on the 



highest weight vector f'^"^\Z) 



z 



1 ) 



Now if w = (ttJfc, . . . ,W2,wi) G C^^'' '' set f^~"^\w) = w™- 
li d = diagonal (rfn, . . . , dkk) G Dfc, then 
[RUd)f^-"'^] {w) = /(-™)(«;(.rf^s)) 

= (rfnVi)™ = rfrr/^~"'n«^) = 7r(-"'°'-'°)(rf)/(-")(Z) 
and if ^ G Z~fc then 

= {CiiWuT = f^-"'\Z) since Cii = l 
Thus /(^™) is a lowest weight vector for the representation i?^ with lowest 



k 



weight (— m, ... ,0), and since this holds for all /c, we denote the signature 
of the inductive limit of the representations 

(-m) -< (-m, 0) ^ . . . ^ ( -m, 0, . . . ) -< ( -m, 0, . . . ) -< . . . 

A: fc+1 

by (—771,0,...) = (—777, ), and the irreducible representation \/(~™' ^ ) is 
realized as the space of homogeneous polynomials of degree m on £}^°° , 
generated by j(^'"). 
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ilxoo" 



VI Decomposing tensor products of irreducible 
representations 

We now use this construction to realize the tensor product of inductive hmits 
of irreducible representations. For 

\ 



set 






-Ik 



^P^l ^P»2 



eCP 



i^f^ 



^Pik J 



z 

w 



z^ 

yr 

\W j 



( Z\\ Z\2 



Z\k \ 



Zpl Zp2 ' ' ' Zpk 
Wqk ■■ ■ Wq2 Wgi 



eCP 



xfc m fpgxfe^ 



\ wik ■■■ Wi2 wn / 
where Pi + ■ ■ ■ + Pr = P and p + q = n. For economy of notation, we now let 
J-'k be the set of holomorphic square integrable functions on C^^^ £^qxk 
and define a representation of Gk on J-'k by 

Z\\ J ( Zg 



[Rk®Rl{9)f] 



f 



(16) 



WJJ " WWisg-^s) 
We then obtain the inductive limit representation R i?^ of the group 



Goo on J^Qo = limjFjfc as the representation induced by the embedding of 



C^ 



xfc m (fqxk'^ 



^px(fc + l) ^£QX(fe+l)^ 



given by 
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z 

w 



( Zii Z22 
Wqk 

\ wik 



zik \ 

Zpk 

Wq2 Wgi 

W12 Wu J 



^^px(fc+l)^^<?x(fc+l)v ^^-^^1 



and the embedding of Gk — ^ Gk+i given by (H). 



k 



If (m)* = {m\, 1712, • • • 5 ''^pi' 0, . . . , 0) is the signature of an irreducible rep- 
resentation of Gk, and if (m)^ = (—mi, —1712, . . . , —rrig, 0, . . . , 0) is the signa- 
ture of the representation contragredient to (m) = (mi, m2, . . . , m^, 0, . . . ,0) 
we form the n-tuple of positive integers 

/i= (mi,m2, ... ,mj^,mi,... ,mj^, . . . mi, . . . , m^^, mi, m2, . . . , m^) (18) 



If 5,;, t 



, r is the Borel subgroup of lower triangular matrices of 



GL{pi, C) and if Bq is the Borel subgroup of GL{q, 



, for 6 G Bq we first 



set b = sbs, where s = Sg as in (|Tj), and then set Bq = {b \ b G Bq}. The 
group Bi X B2 X ■ ■ ■ X Br X Bq can then be identified with the group of all 
lower triangular block matrices (3 of the form 



P 



( ^' 






\ 




b2 












br 




\ 






b J 



h e Bi, be Bq 



(19) 
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where Pi + ■ ■ ■ + Pr = P and p + q = n. It is a consequence of the Borel- 
Weil Theorem (see for example [|TU]) that for k > n the tensor product of 
irreducible Gk modules 

V^"^"^' ® . . . ® \/(™'')' ® V^"^^^' (20) 

with the Gfc-action given by (0), can be realized as the subspace of polyno- 
mial functions f E J^k which, using the terminology of this paper, satisfy the 
covariant condition 

/(,<|.))^.«(W((|.)) (21) 

for jji as in ([ISD and where 7r*^'')(/5) = (&i)n^ ■ ■ ■ {b)^q'' , as in (||). Since this 
covariant condition holds for all k > n, we realize the tensor product of 
irreducible Goo-modules 



as the inductive limit of irreducible G^-modules (|20| ) induced by the em- 
beddings (0) and (H), whose elements transform according to the covariant 
condition (pT]). 

For each k, let /^ denote the identity representation of Gk appearing in 
the tensor product 

then I^ has signature (0, . . . ,0) and by definition there exists a non-zero 

k 

element 
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such that [Rk ^ R^]{g)fk = fk for all g G Gk. This means that fk is invari- 
ant under the action Rk ® -R^ of Gk- Now it is well known from the theory 
of invariants (see for example [T^|) that the algebra of polynomial invari- 



ants under this Gk action is generated by the pq algebraically independent 
polynomial functions 

k 

P^fs{Z,W) = {ZsW^)^f, = Y,Za,tWi3,t l<a<p,l<f3<q. (22) 

By our realization of the V^(™') and V^"^ -* as G^-modules we obviously have 
the isometric embedding 

of Gfc-modules into Gfc+i-modules. It is routine to check that the appropri- 
ate diagrams commute, and as in (^) and (|^) we obtain the representation 
R^R"" oi Goo on y("^')°° (g)...(g) \/('™'-)°° yim'^r as an inductive limit of 
representations of Gk, k = 1,2,3,.... But the case of the identity repre- 
sentation is entirely different. For each k let X^ denote the one-dimensional 
subspace of V^"^ ^ ® ■ ■ ■ C?) V^'^''^ (S> V^"^ -' spanned by the invariant vector 
/fc mentioned above. Then we obviously can not define the inductive limit 
of I^. However we can define the inverse or projective limit of the family 
{Gk,l'',I^} as follows: For each pair of indices j,k with j < k define a 
continuous homomorphism 0^ : X^ — > 1^ such that 

a) (p] is the identity map for all j. 



kk _ ±k ^ AJ 



b) a i < j < k, then (J)'- = (/)J o 
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Here we can take (p^ as the truncation homomorphism, i.e. 0^ is defined on 
the generators P^^ by 

<f>'iPa(^) = Pip i0TJ<k (23) 

The inverse limit of the system {X'^, (f)^} is then formally defined by 

I^ := ImiX'^ = J (/,) e Hi' I /. = m^) whenever t < j\ 
Concretely we can define the functions 

oo 

P^p := P„°^ = lim P^^ = y^Z^,tWf,,t l<a<p, 1 < f3 < q (24) 

i=l 

and make the following observations for each a, (3: 
1) Pa,i3 is well defined on 

oo 
fc=l 

2)Pa^l3 is not an element of J-'oo, but instead lies in |im jF/c, the projective 
limit or inverse limit of the of Bargmann-Segal-Fock spaces J?-/, (for details 



on the projective limit representations of Goo see ||15|| ). 
It follows that any / G X°° has the form 

/ = $^Cwn(^«/.)" (25) 

where the functions Pa/3 are as defined in (p^ ) for 1 < a < p, I < P < q, 



the 7 are non-negative integers, the sums and products in ( [25| ) are finite, and 
the CjjK are constants with multi-indices /, J and K. Let vr^ : I°° — > X' 
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denote the projection of 1°° onto T^ . Let I°° denote the representation of 
Goo on X°° given by the following equation 



/°^(^)/ = Y.^iJK\{}y^^ [(R®R\g)P'^ 



,k ^^■ 



for c/ G Goo and / G X°° 
(26) 

Since g G Goo nieans that g G Gj for some j, and for k> j 



R®R {g) 



pk _ pk 



equation ( p6D implies that Pap are Goo- invariant, and hence I°°{g)f = f for 
all / G X°°. It follows that tt^ {I°°{g)f) = 7Tk{f) for all ^ G Goo and / G X°°. 
Recall that if Vk = V{C"'^^) denotes the subspace of all polynomial func- 
tions of C"^^ then Vh is dense in J^u- Let 



oo 



Voc=\J Vk 

fc=l 
denote the inductive hmit of Vk, then clearly Poo is dense in J^oo- Let V^ 

(resp. JF^) denote the dual or adjoint space of Poo (resp. J-'oo)- Then since Poo 

is dense in jFoo, JF^ is dense in P^. By the Riesz representation theorem for 

Hilbert spaces, every element /* G JF^ is of the form (■ |/) for some / G J-'oo, 

and the map /* t— > / is an anti-linear (or conjugate-linear) isomorphism. 

Thus we can identify JF^ with J^^o and obtain the rigged Hilbert space as the 

triple Poo C JFoo C P^ (see [|I^] for the definition of rigged Hilbert spaces). 

Typically and element Pais defined by equation (^^ belongs to P^, and if 

/ G J-'oo then f & J^k for some k, so we can define the inner product 

{Pap,f) = MPap),f) = {P^IS,f) (27) 
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in fact, in the calculation of 



Pap{D)fiZ) 

/j — 

the terms in P^p whose column indices are larger than k drop off. 

Theorem VI. 1. Let V^"^ )°°, . . . , y(™'')°° and V^^^°° be irreducible represen- 
tations of Goo- Using the convention of Section^, let V^^ ^°° be the represen- 
tation contragredient to V^(™)°° . Let I°° be the identity representation defined 
by Equation |^. Then the multiplicity of V"*^™^°° in the tensor product 

is equal to the multiplicity of I°° in the tensor product 



Proof. From ||T0|| we know that for sufficiently large k the multiplicity of 



yH)' in 

is equal to the multiplicity of the identity representation P in the augmented 
tensor product 

For each k let hk denote the homomorphism sending the irreducible repre- 
sentation of Gk with signature (0, . . . ,0) into the Gfc-module 
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Then 



o 



hk = hj for j < k 



where the homomorphisms (p'j are defined as in (^). Let (0, . . . , 0)°° denote 
the signature of the representation of Goo as the inverse hmit of irreducible 
representations of Gk with signature (0, . . . ,0). Then we can define a homo- 

k 

morphism 

by 

h{v) =lim hk{nk{v)) (28) 

where in Equation (^), vr^ denotes the projection of \/(0'-'0)°° onto \/(°'---'°) . 
Note that \/(°'--- '°) or V"*-°''" '°''°° are just the trivial Gk or Goo modules C, and 
that the Goo-module 



' oo 



is considered as a Goo-submodule of the Goo-module V^. As remarked in 
Section |T|, the dimension of 



Home, V^O,...,0)''^yim^)^ ^ _ _ _ ^ ^(^o'^ ^ v^(-v)' 



the space of all homomorphisms intertwining V^(°'---'*') and V^'^ ^ ® . . . ® 
y{m'') yim ) gtabilizcs as A; gets large. But this dimension is just the 
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multiplicity of l'^ in V^"^ ^ (g) . . . (g) V^"^'"^ V^"^ ^ which, in turn is equal 
to the multiplicity of V^""^" in V^™')",... ,\/(™")'. It follows that at the 
(inductive) limit we have 



dim 



HomG^(\/(°'-'°)°°,V(-^) 



y{mn°" (g) \/(™'')° 



dim 



Homc^ (^yM-^ y(™^)- ^ . . . ^ y(™-)- j 



or equivalently the multiplicity of \/(™)°° in the tensor product 



yim'r 



yim-r 



is equal to the multiplicity of /°° in the tensor product 



y{m^)° 



y{mn°° (g,y{™'')°°. 



D 



Let {fi^'}^i be a basis of state vectors for \/(™')°° , i = 1 . . . r, let {fP}^ be 
a basis of state vectors for \/(™)°° and let {/f?*}^* be a basis of state vectors 
for \/(™'')°°. Then 



f^ ®iZ ®...®i\ 



m 



is a natural basis for the tensor product of irreducible representations 



y(m^)^ 



y(m'-)° 



and 



/^T ®fi 



m 
(.2 



ft ®ft 
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is a natural basis for the tensor product of irreducible representations 

Let {In}ri be a basis for the Goo-invariant subspace which is ^contained'' 



m 



in the sense described above. If we set 



^^{{w))=^^^^^'^^ 



and consider 1r]{Z-, W) as a function of W , and also note that any function 
j (z yim )°° jg g^ function of W alone, then we can form the inner product, 
as defined in (P^) 



{I,\f)w=MZ,D)fiW)\w=o (29) 

and thereby obtain a function of Z. 

Considering the remarks above, we adapt the statement and proof of 
Theorem 2.3 of [|l^, to our situation as follows 



Theorem VI.2. Let 



f^^\Z) = {1,{Z,W) I f^, {W))w=T,{Z,D)ff{W)\w=o 

Then {fT'^}^ is an isomorphic image of {fP}e, in V^"^ ^°° . . .0 V^(™'^)°° 
indexed by the multiplicity label rj and we have the following relation of 
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Clehsch-Gordan coefficients 

I frn,ri\ rm^ rm? fm''\ 77- 1 rm^ fm? rmT fm*\ /'Qn^ 

Proof. To first show that fp'^iZ) in fact lies in V('"')°° ® . . . ® \/(™'')°° it 
is sufficient to show (by the Borel-Weil theorem) that if 6 = (&i, . . . ,br) G 
Bi X ■ ■ ■ X Br then, as in Equation (pi]) 

But since T^ Hies ' in 

\/("')°° ® . . . ® r^'"")"" ® \/("^")°° 

it transforms covariantly with respect to the Borel subgroup defined in Equa- 
tion (jT^) so we have 
fP'^{bZ)={J,{bZ,W)\ff{W))w 

= {Ir, {bZ, Id W) I f^*(W))w where Id is the g x g identity matrix 

= ( TTf'ilS) I^{Z, W) I ff{W))w where (3 = bxld 

= 7r^(/3) ( Tr^{Z, W) I fp iW))w the inner product is linear in the first argument 

= 7r^('"')(6i) • ■ ■7r^('"')(6,)/f '"(Z) by Equation (|2l|), as desired. 
We next show that the {fP'^}s, transform under the representation i?^"*) 
in the same manner as the {//"}§• Since Irj{Z,W) is invariant with respect 
to the action R(^R of Goo we have Iri{Zg, W) = Ir]{Z, Wsg~^ s) which can 
succinctly be written as R{g)Xr,{Z,W) = R {g^^)Tr,{Z ,W) . We also have 
that 

R^^){g)f^ = Y^V^^,{g)f^ 
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where the VYl, are the D-functions for the representation R^"^^ . Now for any 
g G Goo we can assume that g G U{k) for some k, so that g = g. Hence 



VYUg ) = T)^,(g), and it follows from the definitions of the symbols involved 
that 

e' 

Thus we seek to show that 

By the preceding remarks and the definition of f'T'^ we then have 
R(m)^g^fpv^Z) = {I, {Zg,W) I ff{W))w 

= {R^"^\g)Ir,iZ,W) \ffiW))w 

= {R^"^^\g-')I,iZ,W) \ffiW))w 

= {1^ {Z, W) I R^'^^'' (g)/^** (W))w since the representation is unitary 

= Yl ^FM^) (^v (Z, W) I fp {W))w by conjugate hnearity 



Finally we have 

/'Y I pm^ fm? em^ em* \ iq- I era* em} em? em^\ 



-UD, D)ffiW) ff;{Z) . . . /^r (Z)|(^,H.)=(o,o) 



X,{D,D)ff{W) fll\Z) . . . ff {Z)\^z.w)Hm 



fp\D)f^\Z)...f^'{Z)\z=o 

I em,rj\ em} em? em7'\ 

■ \J^ IJ^i J ^2 ■ ■ ■ Hr I 
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which is Equation 



D 



VII Example 



We illustrate the techniques described in this paper with the example 

(7, 1, "O") C (1, "O") ® (2, "O") ® (2, "O") ® (3, "O") 

considered in ([TI|) of Section |II|. By the results of Theorem [VI.2| and Equa- 
tion (|2l| ) we seek algebraically independent polynomials of the form 



P 



Z 

w 



J2CijKl[{Papy a = 1,2, 3, 4 (3=1,2 



that satisfy the covariant condition 

Z' 



P P 



W 



7T^^\f3)f 



Z 

w 



(31) 



(32) 



where /z = (1, 2, 2, 3, 7, 1) and 



\ 







h b* 



\ 



bi, b* e C. 



&6 / 



If D is the diagonal subgroup and Z"*" is the upper triangular unipotent 



subgroup, then /5 G DZ+ so we can first reduce the problem by solving (|32D 

for the diagonal subgroup D which consists of elements of the form 

/ b, \ 



d 







keC. 



be J 
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Hence we seek polynomials of the form 



P p^ll p^l2 p^21 

-' ~ -* 11 -'12 -'21 



p^41 p^42 
■ ■ -* 41 -* 42 



that satisfy 



P d 



W 



7,^^\d)f 



z 

w 



,VrfeD. 



This leads us to the system 



'^1 + ^12 = 1 




kl + ^2 = 2 




4l + ^2 = 2 




£41 + ^42 = 3 




^ll + 4l+4l+^41 


= 7 


,42 + 42 + 42+^2 


= 1 



which gives us the following set of polynomials that transform covariantly 
with respect to the diagonal subgroup D; 

-Pi =-^11-^21-^22-^31-^41 



-P2 — -P11-P21-P31-P32-P/ 



41 



p p p2 p2 p2 p 

-^3 —-^11-^21-^31-^41-^42 

p p p2 p2 p3 

-^4 --^^12-^21-^31-^1- 



Next, from (|31|) and (|32D we seek functions of the form 



P = CiPi + C2P2 + C3P3 + C4P4 



(33) 



that transform covariantly with respect to the upper triangular unipotent 
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subgroup Z+ which consists of elements of the form 



/I 



\ 



1 







v 



b*eC. 



1 b* 
1 / 
Checking this condition on Pi, P2, P3 and P4 we see that 

Z' 



Pi\Z 



w 



Pl + b*pllplplpl 



P, z 



z 

w 



P2 + b* PnPiiP^iPl 



P:, Z 



Z 

w 



p, + b*pllplplpl 



In order that 



Pa\Z 



w 



P\ z 



w 



--p^ + b* PIIPIPIP' 



21-* SI-" 41 



p 



z 

W 



VZ+ G Z^ 



we must have C1+C2 + C3+C4 = 0. Thus a convenient basis of Goo- invariants 
in this tensor product can be chosen as 

^i = Pi — P2 =PiiP2iP22PsiPii ~ P11P21P31P32P41 

T2 = P2 — P3 =PllP2lPsiPs2Pil — -P1I-P2I-P3I-P4I-P42 

T p p p p2 p2 p2 p p p2 p2 p3 

-^3 — -ra — -r4 — _rii_r21-f31-^41-^42 — A2-r2i-r3i-r4i- 

Note that the space of invariants has dimension three, which is the multi- 
phcity of (7, 1, ) computed earher. 
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Now a natural basis for the Goo-invariant subspace with signature (1, ) 
contained in Too as described in Section |V| is given by {Zu}'^^. Simi- 
larly {Z2iZ2j}°°^i, {^3i%}j^=i and {ZiiZijZ4^k}Tj,k=i are natural basis for 
the subspaces (2, ), (2, ) and (3, ), respectively, and an element of 
(7, 1, ) is its lowest weight vector wf^ det ( wll wl\ )• Thus an example of a 
basis element for the tensor product 

(1, "O") ® (2, "O") ® (2, "O") ® (3, "O") ® (7, 1, "O")" 

would be 

ZuZl,ZlZl{W^,W22 - W^,W2i) (34) 

and to compute a Clebsch-Gordan coefficient we compute the inner product 
of ( p4|) with, for example Xi. 

(Ji I ZnZlZlz!,{W!,W22 - W^,W2i)) = 

[-P11-P21-P22-P31-P41 — -P11-P21-P31-P32-P41J [D) 

Z,,ZlZlZUWlW22 - W^nW^2i) 1(^,^)^(0,0) 

We remark that in the above computation, for example the product 

(00 \ / 00 \ "^ 

need only be evaluated up to t = 2 since those terms whose column indices 
are larger than two evaluate to zero in the above inner product. This is 
routinely accomplished using a computer algebra system, such as Maple. 

45 



VIII Conclusion 

We have shown how the multiphcity problem the Clebsch-Gordan coefficients 
in the decomposition of r-fold tensor products of irreducible tame represen- 
tations of U{oo) can be restated in terms of f/(oo)-invariants. Thus all the 
theorems for U{k) treated in |10| can be generalized to f/(oo). Actually the 



computational aspect of the problems are much simpler with this new ap- 
proach and one can use computers to obtain invariant polynomials, and by 
differentiating these polynomials compute Clebsch-Gordan and Racah coef- 
ficients. 
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